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A CHARACTERIZATION OF WHITNEY a-REGULAR COMPLEX
ANALYTIC STRATIFICATIONS
SAURABH TRIVEDI
Abstract. We prove that the openness of the set of maps, between a Stein
manifold and an Oka manifold, transverse to a stratification of a complex
analytic subvariety in the target implies that the stratification is Whitney
a-regular. Our result can be seen as a complex version of Trotman’s theorem.
1. Introduction
A very famous result of Whitney [12] states that any complex analytic variety∗
in a complex manifold can be stratified into complex analytic strata. And, it can
be stratified in such a way that the strata satisfy certain regularity conditions, like
a and b regularity† . Similar results were later found to hold for stratifications with
semialgebraic, subanalytic strata and more generally with definable stratifications
in o-minimal structures.
In 1965, Feldman [2] proved that the set of maps, between two smooth manifolds,
transverse to an a-regular smooth stratification in the target manifold is open in
the strong topology. And, in 1979 Trotman [11] proved that a-regularity is actually
necessary and sufficient for the openness of transverse maps. Thus, a-regular real
stratifications can be characterized as those stratifications for which transverse
maps form an open set in the strong topology.
The result of Trotman does not hold in the complex setting, see Section 2. In this
article we prove an analogue of Trotman’s result for complex analytic stratifications.
Let M and N be complex manifolds. Denote by H(M,M) the set of all holo-
morphic maps between M and N with the weak topology.
Our first result is:
Theorem 1.1. Let M be a Stein manifold and N be an Oka manifold‡. Then,
for any stratification Σ of a complex analytic subvariety in N , the set of maps
{f ∈ H(M,N) : f ⋔ Σ} is dense in H(M,N).
Our main result is:
Theorem 1.2. Let M be a Stein manifold and N be an Oka manifold. Let Σ be
a stratification of a complex analytic subvariety in N . Let r be the minimum of
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∗For us a complex analytic variety is always closed.
†See Mather [8] for definitions of stratifications and regularity conditions a and b.
‡Recall that a complex manifold N is said to be Oka if holomorphic maps from any Stein
manifold to N satisfy the h-principle with interpolation on compact sets in the source manifold
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the dimensions of strata in Σ. If dimM = dimN − r and there exists a compact
set K in M such that the set of maps TK = {f ∈ H(M,N) : f ⋔K Σ} is open in
H(M,N), then Σ is an a-regular stratification.
2. Examples
We give examples in the complex case where Trotman’s result fails to hold.
1. Let M be a compact complex manifold. A compact complex manifold is not
Stein and any holomorphic map from M to Cn is a constant. Let V be a complex
analytic subvariety in Cn and Σ a stratification of V . Then, a holomorphic map
gx : M → C
n which maps all points of M to x ∈ Cn is transverse to Σ, at any
point m ∈M if and only if x /∈ V . Thus, even if Σ is not a-regular, the set of maps
which are transverse to Σ is open.
2. A complex manifold N is ‘Brody hyperbolic’ if there are no non-constant
holomorphic maps from C to N , see [1] or [7]. On the other hand, complex man-
ifolds which satisfy the Oka property are those manifolds which are the target of
‘many’ non-constant holomorphic maps from Cn. Brody hyperbolic manifolds do
not satisfy the Oka property, see the discussion in [7]. Let M be the complex line
and N be a polydisk in Cn. The manifold N is a Brody hyperbolic manifold be-
cause any holomorphic map from C to N must be constant by Liouville’s theorem.
So, once again a map from C to N is transverse to a stratified set in N if and only
if it does not touch the stratified set and so even for non a-regular stratifications
the set of maps transverse to them is open. Thus the result does not hold in this
case.
3 Let M = C2 and N be a complex 2-hyperbolic manifold∗ of dimension 4.
Let Σ = {X,Y } be a stratification with two strata, X of dimension 2 and Y of
dimension 3.
Suppose Y is not a-regular over X . Then there exists a sequence {yn} in Y , a
point x ∈ X ∩ Y such that yn → x, TynY → τ but TxX /∈ τ . If Trotman’s result
were to hold in this case, it would be possible to find a sequence of maps {fn}
from M to N which converges to f in the weak topology, a point w ∈ M such
that fn(w) = yn for large n such that fn not transverse to Y but f(w) = x and f
transverse to X .
Since the dimension of X is two, the maps from a two dimensional complex
manifolds transverse to X much have rank atleast 2 to even intersect X . But since
N is 2-hyperbolic, the only holomorphic maps from M to N have rank atmost 1
and thus the only maps which are transverse are those whose image in N does not
intersect X . Thus Trotman’s result does not hold in this case.
3. Proof of Theorem 1.1
It is easy to see that H(M,N) is a complete metric space (hence Baire). If we
treatM and N as smooth manifolds, then the topology onH(M,N) is the topology
relative to the weak topology on the set of all smooth maps C∞(M,N). Thus, by
a result of Trivedi [10] (also proved in Forstnericˇ [3]), we immediately have:
∗A complex k-hyperbolic manifoldN is a manifold of dimension†≥ k such that any holomorphic
map from Ck to N has rank strictly less than k. For example, CP 3 - 5 hyperplanes in general
position is 2-hyperbolic.
A CHARACTERIZATION OF WHITNEY a-REGULAR COMPLEX ANALYTIC STRATIFICATIONS3
Lemma 3.1. Let M and N be complex manifolds and Σ be an a-regular stratifica-
tion of a complex analytic subvariety in N . Let K ⊂M be a compact subset of M .
Then, the set TK = {f ∈ (H,M) : f ⋔K Σ} is open in H(M,N).
In the particular case when Σ has only one stratum we get the complex version
of the openness result of the Thom transversality theorem for the weak topology,
i.e. the set of maps transverse to a closed submanifold on a compact subset of the
source is open in the weak topology, see Trivedi [10]. Moreover, if we treat M and
N as smooth manifolds, then for any compact coordinate disk K in N such that
K ∩ ∂S = ∅ , the set of maps transverse to S ∩K in N is open, and S need not
be closed. Thus again using the fact that the topology on H(M,N) to the weak
topology on the set of smooth maps C∞(M,N), we immediately have:
Lemma 3.2. Let M and N be complex manifolds and S be a complex submanifold
of N . Let K be a compact coordinate disk in N whose intersection with ∂S is empty.
Let K ′ be a compact set in M . Then the set TK′ = {f ∈ H(M,N) : f ⋔K′ (S∩K)}
is open in H(M,N).
Actually Forstnericˇ [3] proved that the maps transverse to an a-regular strati-
fication is dense. We show that a-regularity is not needed for the denseness. The
reason why Forstnericˇ needs a-regularity is perhaps he did not observe the result of
Lemma 3.2. We show how one can avoid a-regularity in the hypothesis. The idea
is similar to that of Forstnericˇ but we will give a detailed proof because the ideas
used will be applied later.
A complex manifold N satisfies the Ellipticity condition, Ell1, introduced in
‘Partial Differential Relations’ by Gromov [5, 6], if for every Stein manifold M ,
and every holomorphic map f : M → N , there exists an integer n ≥ dimN and a
holomorphic map F : M × Cn → N such that the map f = f0 = F (·, 0) : M → N
and fx = F (x, ·) : Cn → N is a submersion at 0 ∈ Cn for each x ∈M .
Lemma 3.3. Let M be a Stein manifold and N be an Oka manifold. Let K be
a compact subset of M and S ⊂ N a complex submanifold of N . Then the set
TK = {f ∈ H(M,N) : f ⋔K S} is dense in H(M,N).
Proof. Choose a holomorphic map f ∈ H(M,N). Since M is a Stein manifold and
N is an Oka manifold, N satisfies the ellipticity condition Ell1 (Proposition 4.6
in Forstnericˇ [3]). Thus, there exists a map F : M × Cn(n ≥ dimN) as in the
definition of the condition Ell1. Let π : M × C
n → Cn be the natural projection.
Since fz : Cn → N is a submersion for all z ∈M , there exist a small ball D ⊂ Cn
around the origin and an open set U ⊂M containingK such that F is a submersion
from V = U ×D to N . Then S′ = F−1(S) ∩ V is a complex submanifold of V .
Now we show that if t ∈ Cn is a regular value of the restricted projection π :
S′ → D then ft ⋔z if (z, t) ∈ S′.
If (z, t) ∈ S′ then y ∈ ft(z) ∈ S. Since F (z, t) = y and F is a submersion, we
know that
Dz,tF (T(z,t)M × C
n) + TyS = TyN
that is, given any vector a ∈ TyN , there is a vector b ∈ T(z,t)(M × C
n) such that
D(z,t)F (b)− a ∈ TyS.
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We want to exhibit a vector v ∈ TzM such that Dzft(v) − a ∈ TyS. Now,
T(z,t)M × C
n = TzM × TtC
n,
so b = (w, e) for vectors w ∈ TzM and e ∈ TtCn. If e = 0, we would be done, for
since the restriction of F to M × {t} is ft, it follows that
D(z,t)F (w, 0) = Dzft(w).
If e 6= 0, we may use the projection π to kill it off. As
D(z,t) : TzM × TtC
n → TtC
n
is just the projection onto the second factor, and the fact that t is a regular value
of the restricted projection π : S′ → D, we know that there is some vector of the
form (u, e) ∈ T(z,t)S. But, F maps S
′ to S, so D(z,t)F (u, e) ∈ TyN . Consequently,
the vector v = w − u ∈ TzM is our solution, for
Dzft(v)− a = D(z,t)F ((w, e) − (u, e))− a = (D(z,t)F(w,e)−a)−D(z,t)F (u, e),
and both the latter vectors belong to TyN .
By Sard’s theorem [9], we see that the set of regular values of π is dense in D.
Choosing t in this dense set and close to 0 we get maps ft : M → N transverse to
Σ on K and which approximate f on K ′.
Thus we have proved that the set TK = {f ∈ H(M,N) : f ⋔K S} is dense in
H(M,N). 
Proof of Theorem 1.1. Cover M by a countable collection of compact sets {Kα} in
M and cover each stratum Bβ in Σ by a countable collection of compact coordinate
disks {Skβ} of N each of whose intersection with ∂Bβ is empty. By Lemma 3.2 for
every α, β and k, the set
Tα,β,i = {f ∈ H(M,N) : f ⋔Kα (Bβ ∩Ki)}
is open in H(M,N). And, by Lemma 3.3 Tα,β,i is also dense in H(M,N) because
it contains the set Tα,β = {f ∈ H(M,N) : f ⋔Kα Bβ}.
Notice that the set of maps T = {f ∈ H(M,N) : f ⋔ Σ} is actually the
intersection of all sets of type Tα,β,i. Thus, since H(M,N) is a Baire space and the
stratification is a locally finite stratification, T is a countable intersection of open
dense subsets in H(M,N) and hence is itself dense. This proves Theorem 1.1. 
In fact a similar argument can be used to prove a more general result. Denote
by Jr(M,N) the set of jets of holomorphic maps betweenM and N and by jrf the
r-jet extension of a holomorphic map f :M → N . Combining the idea of Forstnericˇ
and the idea above it is not difficult to see the following result.
Theorem 3.4. Let M be a Stein manifold and N be an Oka manifold. Let Σ be a
stratification of a complex analytic subvariety in Jr(M,N). Then the set of maps
{f ∈ H(M,N) : jrf ⋔ Σ} is dense in H(M,N).
4. Proof of Theorem 1.2
We need the following well known lemmas about openness of certain subsets of
the set of all maps; we include a proof for the sake of completeness.
Treat M and N as C1-manifolds.
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Lemma 4.1. Let f ∈ C1(M,N) be an immersion at some point x ∈ M . Then,
there exist coordinate charts (U, φ) around x, (V, ψ) around f(x) with f(U) ⊂
V and an ǫ > 0, such that for all compact subsets K ⊂ U , every member of
N (f, (φ, U), (ψ, V ),K, ǫ)∗ is an immersion at each point of K.
Proof: Let (ψ, V ) be a chart at f(x) and let (φ, U ′) be a chart at x such that
f(U ′) ⊂ V .
Denote by L(Rm,Rn), the set of all linear maps between Rm and Rn; it is a
normed space and has a well defined metric, say δ. Let Ic be the set of all non
injective maps in L(Rm,Rn), which is a closed subset.
Put DU ′ = {Dφ(u)fφ,ψ ∈ L(R
m,Rn) : u ∈ U ′} and define η : U ′ → R by
η(u) = δ(Dφ(u)fφ,ψ, I
c). η is a continuous map and since f is an immersion at x,
η(x) > 0. Thus, there exists an open set U ⊂ U ′ around x such that η(y) > 0 for
all y ∈ U .
Now, for any compact set K ⊂ U , set ǫ = min{η(y) : y ∈ K}. We claim that
the subbasic open neighbourhood of f , N (f) = N (f, (φ|U , U), (ψ, V ),K, ǫ/2) has
the required property. For, if g ∈ N (f) and y ∈ K,
δ(Dφ(y)fφ,ψ, Dφ(y)gφ,ψ) + δ(Dφ(y)gφ,ψ, I
c) ≥ δ(Dφ(y)fφ,ψ, I
c)
δ(Dφ(y)gφ,ψ, I
c) ≥ δ(Dφ(y)fφ,ψ, I
c)
−δ(Dφ(y)fφ,ψ, Dφ(y)gφ,ψ)
δ(Dφ(y)gφ,ψ, I
c) ≥ ǫ− ǫ/2
δ(Dφ(y)gφ,ψ, I
c) ≥ ǫ/2 > 0
Thus, g is an immersion at y ∈ K. 
Lemma 4.2. Let ImmK(M,N) be the set of maps between M and N which are
immersions at each point of K ⊂ M . Then ImmK(M,N) is an open subset of
C1W (M,N) if K is a compact set.
Proof: Let f ∈ ImmK(M,N). To prove that ImmK(M,N) is open, we show
that there exists an open neighbourhood of f which is contained in ImmK(M,N).
Since f is an immersion at each x ∈ K, by lemma 4.1 , for each x ∈ K there
exists a chart Ux with the property that for each compact set Kx ⊂ Ux there
is a neighbourhood N(f, (φx, Ux), (ψx, Vx),Kx, ǫx) such that each member of this
neighbourhood is an immersion on all of Kx. Since K is compact, we can choose
a finite subcollection {Ux1 , . . . , Uxr} of the coordinate neighbourhoods {Ux}x∈K ,
such that K ⊂ ∪ri=1Kxi . But then the intersection
∩ri=1N(f, (φxi , Uxi), (ψxi , Vxi),Kxi , ǫ)
(ǫ = min{ǫxi}) is an open neighbourhood of f and is contained in ImmK(M,N),
as required. 
Now using the fact that the topology on H(M,N) is the topology relative to the
weak topology on C1(M,N), we immediately have:
∗Set of all maps g ∈ C1(M,N) such that g(K) ⊂ V , ||fφ,ψ(x)−gφ,ψ(x)|| < ǫ and ||Dfφ,ψ(x)−
Dgφ,ψ(x)|| < ǫ for all x ∈ φ(K)
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Lemma 4.3. Let M and N be complex manifolds and ImmK(M,N) be the set of
all holomorphic maps between M and N which are immersions at each point of K.
Then, ImmK(M,N) is open in H(M,N) if K is compact.
Finally, we need a perturbation lemma which allows us to move holomorphic
maps between Stein manifolds and Oka manifolds with certain properties. the idea
of the proof is suggested by Franc Forstneric.
Lemma 4.4. [Holomorphic perturbation lemma] Let M be a Stein manifold and N
be an Oka manifold. Let {yn} be a sequence of point in M converging to a point on
x in N . Let f : M → N be a holomorphic maps which is an immersion at a point
w ∈ M such that f(w) = n. Then there exists a sequence of maps gn : M → N
such that for large enough n, gn(w) = yn, Dwf(TwM) converges to Dwgn(TwM)
and gn converges to f in the weak topology.
Proof. Choose a fat∗ H(M)-convex† set V containing x in the Stein manifold M .
Consider the part {(m, f(m)) ∈M ×N : m ∈ V } of the graph of f : M → N in the
productM×N . This part of the graph can be covered by Stein neighbourhoods. In
this collection of Stein neighbourhood we can certainly find maps with the desired
property, i.e., there exists a holomorphic spray of maps ft : V → N , with f = f0,
depending holomorphically on the parameter t in an open subset of Cn (n = dimN).
By varying t we can find maps arbitrarily close to f in the weak topology with the
desired properties.
Now, since N is an Oka manifold, this spray of maps over V can be approximated
by a spray of global maps over M keeping f = f0 fixed. Thus, giving global maps
satisfying the given properties. 
Proof of Theorem 1.2. Without loss of generality we can assume that r ≥ 1. Let N
be of dimension n. Suppose that the stratification Σ is not a-regular. Then there
exists a pair (X,Y ) of strata in Σ, such that X ∩ Y is non empty and Y is not
a-regular at a point x ∈ X ∩ Y . Thus, there exists a sequence {yi} in Y such that
yi tends to x as i→∞, TyiY tends to τ as i→∞, but TxX 6⊂ τ . Choose v ∈ TxX
such that v 6∈ τ .
By a construction in Trotman [11], existence of an ‘a-fault’, x, also implies that
there exists a linear subspace H of TxN not containing v of dimension n − r(=
dimM) such that
H + TxX = TxN (4.1)
H + τ 6= TxN (4.2)
We need to find a map g : M → N such that Dwg(TwM) = H . Since N is an
Oka manifold, it satisfies the convex approximation property, which says that there
exists a holomorphic map π : Cn → N which is locally biholomorphic such that
f(0) = x, see Forstnericˇ [4]. Choose a point w ∈ K, since M is Stein it can be
embedded in some Cp as a closed submanifold such that w is mapped to 0 under
this embedding.
∗A subset V of a topological space is called fat if V ⊂ cl (V˚ )
†Here H(M) denotes the sheaf of holomorphic functions on M . Recall that an H(M)-convex
subset of M is a subset U ⊂M such that for every K compact in U , Kˆ ⊂ U where Kˆ = {x ∈ X :
|f(x)| ≤ supK |f | ∀f ∈ H(M)}.
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Identify TxN by C
n and choose a basis of TxN , {v1, . . . , vl, . . . , vn−1, v} such
that {v1, . . . , vl} span τ +H and {v1, . . . , vn−r} span H .
Choose a basis {u1, . . . , um, . . . , up} such that {u1, . . . , um} span the vector sub-
space TwM of C
p. And define a map L : Cp → Cn (this map is well defined because
p > n− r = m) by
L(a1u1 + . . .+ apup) = a1v1 + · · ·+ an−rvn−r.
Now take h = π ◦ L : Cp → N . The rank of L is n − r and since π is a local
biholomorphism, the rank of Dh : Cp → TxN is n − r and moreover the image
D0h(C
p) is H .
Now, let h′ : M → N be obtained by restricting h on M via the embedding of
M in Cp. Then, since the first m vectors in Cp, span the tangent space of M at
w, it is immediate that Dwh
′(TwM) = H and since the dimension of M is n − r,
h attains it’s maximum rank at w and so it is an immersion at w. In fact, the
construction of shows that h′ is an immersion on whole of M . Thus, by equation
4.1 h′ is transverse to Σ at the point w in M .
Thus we have the following situation:
−−−−−−−−−−−→
g
−−−−−−→
L
−֒−
−
−
−
−
−→
i
−−
−
−
−
−
−→
pi
−−−−−−−→
h
C
p
C
n
M N
Let D = {f ∈ H(M, N) : f(w) = x,Dwf(TwM) = H}. This set is not empty
since h′ belongs to D . We show that there exists a map h :M → N in D , which is
transverse to Σ on all of M . Denote Ek = {f ∈ H(M,N) : f |K is an immersion }.
By Lemma 4.3, EK is an open set of H(M,N). Let d be a metric on H(M,N).
Then, there exists a δ > 0 such that
Bδ(h
′) = {f ∈ H(M,N) : d(h, f) < δ}
is a subset of EK . Set EK = Bδ/2(h′) ∩D (this set is not empty because h
′ ∈ EK)
and moreover it is a closed subset of H(M,N), since any converging sequence in
EK will converge to a point in EK as all maps of the sequence are immersions on
K. Since closed subsets of complete metric spaces are also complete metric spaces
with the relative topology, we deduce that EK is a Baire space.
Using an argument similar to Theorem 1.1, we can show that the set {f ∈ Ek :
f ⋔ Σ} is dense in Ek, which proves the existence of a map h : M → N which is
transverse to Σ on whole of M .
Once we have h, we can now construct a sequence of maps hn : M → N , using
Lemma 4.4, such that for large enough n, hn(w) = yn, Dwhn(TwM) converges to
Dwh(TwM) = H . Moreover for large n since TynY converges to τ , by 4.2, hn is not
transverse to Y at w ∈M . This proves the existence of a sequence of holomorphic
maps hn : M → N not transverse to Σ but whose limit is transverse to Σ, which
implies that TK is not open giving a contradiction. 
8 SAURABH TRIVEDI
Finally we remark that almost similar idea can be used to prove an analogue of
our result in the case of algebraic manifolds and algebraic maps. We don’t know if
our result holds for a larger set of complex manifolds and it should be investigated.
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